ABSTRACT. Using Composition-Diamond Lemma we construct presentations of groups G = x 1 , . . . , x n | r 1 , . . . , r m with the following property; for a fixed 1 ≤ i ≤ n, and for all 1 ≤ j ≤ m, Fox derivatives ∂ r j /∂ x i have common divisor.
INTRODUCTION
Given a group G is presented as follows G = x 1 , . . . , x n | r 1 , . . . , r m .
We then get the following exact sequence of Z[G]-modules
where K is the standard 2-complex associated with G. The homomorphisms d 1 is given by
the homomorphism d 2 is given by the matrix (="Jacobian") ∂ r j ∂ x i 1≤i≤n,
1≤ j≤m
Further, take a β ∈ π 2 (K), we then get p(β ) = (β 1 Thus, if π 2 (K) = 0 then it follows that Z[G] has zero divisors. The aim of this paper is thus to construct such groups. We will use CompositionDiamond Lemma technique. More precisely. Consider a free algebra F X over a field F. Given polynomials ϕ, f ∈ F X . When the polynomial ϕ is divided by f ? The Composition-Diamond Lemma can help us to answer this question.
Acknowledgements: the author would like to express his deepest gratitude to Roman Mikhailov who told about the problem in the course Groups and Homotopy Theory (in the YouTube channel Lectorium).
COMPOSITION-DIAMOND LEMMA
Here we present the concepts of Composition-Diamond lemma and Gröbner-Shirshov basis. In the classical version of Composition-Diamond lemma, it assumed that considered algebras is over a field, here we consider the general case.
1.1. CD-Lemma for associative algebras. Let K be an arbitrary commutative ring with unit, K X the free associative algebra over K generated by X , and let X * be the free monoid generated by X , where empty word is the identity, denoted by 1 X * . Assume that X * is a well-ordered set. Take f ∈ K X with the leading word (term) LT( f ) and f = κLT( f ) + r f , where 0 = κ ∈ K and LT(r f ) < LT( f ). We call f is monic if κ = 1. We denote by deg( f ) the degree of LT( f ).
A well ordering on X * is called monomial if for u, v ∈ X * , we have:
where w u := w x→u and x's are the same individuality of the letter x ∈ X in w.
A standard example of monomial ordering on X * is the deg-lex ordering (i.e., degree and lexicographical), in which two words are compared first by the degree and then lexicographically, where X is a well-ordering set.
Fix a monomial ordering on X * , and let ϕ and ψ be two monic polynomials in K X . There are two kinds of compositions:
, then the polynomial (ϕ, ψ) w := ϕb − aψ is called the intersection composition of ϕ and ψ with respect to w.
(ii) If w = LT(ϕ) = aLT(ψ)b for some a, b ∈ X * , then the polynomial (ϕ, ψ) w := ϕ − aψb is called the inclusion composition of ϕ and ψ with respect to w.
We then note that LT(ϕ, ψ) w ≤ w and (ϕ, ψ) w lies in the ideal (ϕ, ψ) of K X generated by ϕ and ψ.
Let S ⊆ K X be a monic set (i.e., it is a set of monic polynomials). Take f ∈ K X and w ∈ X * . We call f is trivial modulo (S, w), denoted by
and aLT(s)b w.
A monic set S ⊆ K X is called a Gröbner-Shirshov basis in K X with respect to the monomial ordering ≤ if every composition of polynomials in S is trivial modulo S and the corresponding w.
The following Composition-Diamond lemma was first proved by Shirshov [4] for free Lie algebras over fields (with deg-lex ordering). For commutative algebras, this lemma is known as Buchberger's theorem [2] .
Theorem 1.1 (Composition Diamond Lemma). Let K be an arbitrary commutative ring with unit, a monomial ordering on X * and let I(S) be the ideal of K X generated by the monic set S ⊆ K X . Then the following statements are equivalent:
(1) S is a Gröbner-Shirshov basis in K X .
(3) the set of irreducible words
is a linear basis of the algebra K X S := K X /I(S).
Example 1.2 (see [3] ). Let K be an arbitrary commutative ring and consider the following algebra Λ = K x, y /(x 2 − y 2 ). Let us consider the polynomials ϕ = x 2 − y 2 , ψ = xy 2 − y 2 x, and let y x. It is not hard to see that the set S = {ϕ, ψ} is a Gröbner-Shirshov basis of Λ. Indeed,
for w = x 3 , and
Since the set S is monic, then the set
n is the K-basis for Λ, by Theorem 1.1.
Remark 1.3. In the previous example we have proved that {ϕ, ψ} is the Gröbner-Shirshov basis for Λ. In practice, to calculate a Gröbner-Shirshov basis, it is better to use the following way;
(1) for the given ϕ = x 3 − y 3 , x 3 = LTϕ, we have : :
since y 4 = y 4 we then have no new polynomials we thus can conclude that {ϕ, ψ} is the Gröbner-Shirshov basis if Λ.
CD-Lemma for Semigroups and Groups.
Given a set X consider S ⊆ X * × X * the congruence ρ(S) on X * generated by S, the quotient semigroup
and the semigroup algebra K[P]. Identifying the set {u = v | (u, v) ∈ S} with S, it is easy to see that
is an algebra isomorphism. The Shirshov completion S c of S consists of semigroup relations, S c := { f − g}. Then Irr(S c ) is a linear K-basis of K X | S , and so τ(Irr(S c )) is a linear Kbasis of K(X * /ρ(S)). This shows that Irr(S c ) consists precisely of the normal forms of the elements of the semigroup sgr X | S . Therefore, in order to find the normal forms of the semigroup sgr X | S , it suffices to find a Gröbner-Shirshov basis S c in K X | S . In particular, consider a group G = gr X | S , where S = {(u, v) ∈ F(X ) × F(X )} and F(X ) is the free group on a set X . Then G has a semigroup presentation
as a semigroup.
THE FIRST EXAMPLE
In this section we are going to construct a group G = x, y, | r 1 , r 2 such that
To do so, at first we consider a semigroup presentation of the G,
Next, set x > x −1 > y > y −1 and consider the corresponding deg-lex order on the set of the words of a free monoid is generated by x, y, x −1 , and y −1 . Without loss of generality we can assume that this presentation is minimal, i.e., every leading term does not contain a subword which is a leading term.
Let b = x n y m be a basic element of Z[G] and let b := LT( f ), where f ∈ Z[G] is a monic polynomial. We see that there is no intersection composition of b with itself. Set
Hence r 11 = y p x n y m xy t , r 21 = y q x n y m xy s , therefore
We then get
where
It follows that r 12 = y k x n y m xy l and then
We thus have
Further, we have 
By the previous equality we can put 
Example 2.1. Let us consider the following group
we have = 1 + x + x 2 y 3 − yx 2 y 3 − yx − y mod (G).
By the previous calculation these derivatives have a common divisor, the polynomial f = x 2 y 3 + x + 1. Indeed, we have Thus if π 2 (K) = 0 then the ring Z[G] has zero divisors.
